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ABSTRACT
In this paper we give a generalization of the classical Looman-Menchoff
theorem: Iff is a complex- valued continuous function of a complex variable in
a domain G, f has partial derivatives f, and f, everywhere in G and the Cauchy
Riemann equations f, + if, =0 are satisfied almost everywhere, then f is
holomorphic in G. From our generalization of this theorem, we deduce a
theroem of Sindalovskii [9] as a corollary and also answer some of the
questions raised in [9]. We note in this context that, as far as we know,
Sindalovskii’s result is the best published to date in this area.

1. Introduction

The classical Cauchy—Goursat theorem states: If f is a complex-valued
Junction of a complex variable z = x + iy defined on a domain D and

Sz +h) - f12)
h

exists for all z in D, then [ is holomorphic in D.

Ever since Goursat [3] proved this theorem in 1900, there have been various
improvements and generalizations. In fact Pompeiu [7] in 1905 noted that
Goursat’s theorem would remain valid if one were to assume only that f(z)
existed only almost everywhere in D and
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is bounded in D.
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But the most dramatic was the announcement by Montel [6] in 1913 without
proof that if fis bounded in D; f., f, exist everywhere and f, + if, = 0 almost
everywhere in D, then f is holomorphic in D. We should note that fis not
assumed to be continuous.

However, in 1923 Looman [4] proved Montel’s announcement replacing
boundedness of f by the stronger property, continuity of f. Apparently his
proof contained a gap which was fixed by Menchoff. But Menchoff did not
publish his proof. We see for the first time a complete proof of this theorem
and also the attribution Looman-Menchoff in Saks [8]. See also Menchoff [5].

In 1941, Tolstoff [10] had established by giving a counter-example that the
considerations on which Montel based his announcement were false. Further,
in 1942, he [11] gave a correct proof for Montel’s announcement of 1913, After
Tolstoff, many have asked (see [9] for details) whether boundedness of fcould
be replaced by the L!-integrability of f. This question was answered in the
affirmative by Sindalovskii [9] and, in the same paper, he has asked the
question whether it might not be enough to assume that ‘ / belongs to L?(D) for
some p >0,

Let us recall the main theorem of Sindalovskii:

Suppose f is a complex-valued function of a complex variable z in a domain
G. Further assume the following:
(a) fis separately continuous in x,y where x +iy=zin G,
(b) first order partial derivatives f,, f, exist everywhere in G except on a set
E =U;_, E, where each E, is closed and of finite Hausdor(f' length,
(c) Cauchy-Riemann equations f, + if, = 0 are satisfied almost everywhere
inG,
(d) and f belongs to the Lebesgue space L'(G).
Then f'is holomorphic in G.

There was an exceptional set allowed both for the Looman-Menchoff
theorem and the Tolstoff theorem except that E is assumed to be countable.
And in 1964, Fesq [2] while generalizing a version of Green’s theorem due to
P. Cohen also improved the exceptional set in Tolstoff’s theorem to the form
stated in (b).

We rephrase Sindalovskii’s question as follows: Can (d) be replaced by

(d) f belongs to L?(G) for some p > 0.

Let K denote any one of the four closed unit squares with a vertex at the
origin in the complex plane and K the interior of the set obtained by joining to
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K the two adjacent unit squares. Let K(r, z) denote the set z 4 rK and similarly
K(r, z) denote z + rK. Let M(r, K, z) denote max|f| on the two sides of
K(r, z) that do not contain z.

In this paper we replace (d) with

(d”) log M(r,K,z)<o(r % ateveryzinG

where f'is found to be holomorphic in K(d, z) for some & > 0 however small.

We will show that (d’) implies (d”) which proves Sindalovskii’s result and
also answers his question in the affirmative.

Also, we construct an example of a function fwhich satisfies (a), (b) and (c),
but fails to satisfy (d”) only at one point, thus establishing that our result is the
best possible. Indeed f is holomorphic everywhere except at the origin and
further that

f f(2)dz =0
[374

for every rectangle R with sides parallel to the axes.

For more detailed references regarding this problem, refer to Saks [8] and
Sindalovskii [9].

2. The main theorem

We shall assume the following theorem obtained by Fesq [2] and hereafter
refer to it as TF (Tolstoff-Fesq).

TF. Let f be a complex-valued function of the complex variable z = x + iy
in a domain G. Assume that f satisfies (a), (b), (c) of the introduction and f is
bounded in G. Then f is holomorphic in G.

Also we recall a version of the classical Phragmén-~Lindelof theorem (e.g.
refer to Boas [1]) and refer to it as PL in the sequel.

PL. Suppose that f is holomorphic on the square
D={(x,y):0=x=R,0=y =R}
except at (0, 0) where it need not even be bounded. Further assume that
AODI =M forall {€4D\{0}

and log M(r) < o(r=2) where M(r)=sup|f| on the linesx =rory =rinD.
Then |f| =M onall of D.
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This is slightly different from the usual versions of PL but can be deduced
immediately from them.

THEOREM 2.1. Let f satisfy (a), (b), (c) and (d”) of the introduction in a
domain G of the complex plane. Then f is holomorphic in G.

Proor. Let C,, , be the set of points z in G such that
|Iflz+h)—flz)l =m  for |h| = Un,
h real or purely imaginary (“ropi” from now on). We claim that

Cpun CCyy, foreverymandn

where C,, , is the closure of C,, ,. Suppose z; is a sequence of points in C,, , such
that {z;} =z, as k — co. Let z;, = 2o + & + in, &, i real. By hypothesis

2.2) |fizo+ & +ime + h) = fzo+ & +in)| = m

for |A{ = 1/n and “ropi”. Fix A’ real so that |h’| < 1/n. Then, for sufficiently
large k, |& | + |A’| = 1/n and so setting A = b’ — & in (2.2), we have

(2.3) | fzo+ R +in) — fzo+ & +im)| =m
for all large k. But by (a), i.e. linear continuity,
flzg+ " +in)—~ Az +h) ask—w
and so all the limit points / of the sequence { f(z;)} satisfy
| flzog+h)—1] =m.

This shows that { f(z;)} is a bounded sequence and therefore we may assume
by going to a subsequence if necessary that

{(fz)y—! ask—oo.
Hence we have
(2.4) [ fzo+R)—=1ll=m for |h’| = 1/n, h’ real.

Therefore | f{zo+ k") — f(zo)| =2m for |h’| =1/n and h’ real. A similar
argument will work for 4’ purely imaginary. Thus we have

(25) Z"m,n - CZm,n'

Because of linear continuity, we have



Vol. 70, 1990 A GENERALIZATION OF THE LOOMAN-MENCHOFF THEOREM 97

2.6) ¢=U c,.

n=]

Let F be the set of points of G where fis not bounded, i.e. given any integer N
and any neighbourhood V of a point z, in F, there exists a z in V such that
| f(z)] > N. Clearly F is a closed subset of G.

We shall show that F is empty. But first, we claim

=3

If not, since F c U, C, n» by the Baire category theorem there exists a square
Q (squares in here have sides parallel to the axes) such that

2.7 Q°CFcCC, forsomen.

Let z € Q° be the center of a square S centered at z and of size § < 1/n and
contained in C, ,. Suppose that z,, z, € S. Then z, =z, + & +in, &, nreal and
1€1,1n1 <1/n. Since z,, z,€C, ,and C, , C C,,, we have

fz)=fzi+iml =2, |fla+in+d)—flz +in| =2

and so

[fz)— fz)| =4

Consequently f is bounded on S and z cannot belong to F and hence a
contradiction.
Therefore

(2.8) FF=g.

Once again, using the Baire category theorem, we find that there exists a
square Q C G such that

2.9) F#FNQ°C a,,, c(C,, forsomen.

Let z €F N Q°and Sbe a square contained in Q° centered at z, of size & < 1/n.
We say that

(2.10) “z, sees z,” if z, — z, is “ropi”,
(2.11) “Fsees z” if some point of F sees z.

Thus in the square S, if a point z, of F sees z,, then | f(z;) — f(z,)| < 2 since



98 N. V. RAO Isr. J. Math.

2,€Cy,, |2, — 2| <l/nand z, — z, is “ropi”. Similarly, if z,, z, EF N S, since
they both see a { in § we obtain

IAz2)—ADI =22, [fAz)—AI=2 and |f(z)—- flz)| =4
Therefore
(2.12) | fz)— fliz)]| =4 foreveryz,;in F N S.

Consequently any point { in S seen by F N S satisfies

(2.13) 1A= f2)| =6 and |AL)| = |f2)| +6.

Now we claim that if a point {, of F belongs to any open quadrant Q, of S
(see Fig. I), then the quadrant @, determined by z and ¢, is devoid of all points
of F. If all points of @, are seen by F N S, then by (2.13)

IfIZ21f2)|+6inQ, and FNQ,=.

Suppose ( is a point of @, that is not seen by F N S. Then there is an open cross
X bounded by lines /,, 1, I, I, (see Fig. II) containing { in its ‘heart’ H. All the
lines /,, 1,, I;, [, must contain a point of F N S. If not, one can move /, up, /,
down, /; to the left and /, to the right until they do so. Hence on [, L, Iy, L,

(2.14) If1 = 1/(2)] +6.

Since F N X = & and fis bounded at each point of X and so by TF, fis
holomorphic in X. Now at each corner of /, PL can be applied to obtain

(2.15) lf1=1f(z)] +6 inH.
L 4
—0,
4 &
g L - 7
L
z z

S— S—

Figure 1 Figure II
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Now (2.13) and (2.15) give us
| fl = | f(z)| + 6 in the subquadrant Q,.

Thus F ﬂ Q2 = Q .
To sum up at this point, in each quadrant Q of S, there is a subquadrant with
a vertex at z and free of points of F. This means that we may assume that

(2.16) F n Sislocated only on the vertical or horizontal through z.
Now we claim that
(2.17) there cannot be more than two points of F N S in any direction from z.

Suppose not. Say z,, z,, z; are three points of F N .S to the right of z (see
Fig. III). First, there must exist an open interval (A, u) in [z;, z;] not containing
any points of F whereas 4, u € F. If not, then all points in the vertical strip R’
based on [z, z;] are seen by F N S and so on R’,

/1 = 1/(2)] +4,

i.e. fis bounded on R’ and hence at z,, a contradiction.

Let R denote the vertical strip in S based on (4, #). Now f'is bounded at
each point of R except at A and u and so, by TF, f is holomorphic on R
except at 4 and u. Now let M =max,|f|. On the vertical boundary of
R, |f] = |f(z)] +4by(2.12) and since 4, u belong to F. Again by PL, we have

(2.18) [f| = max(M,|f(z)]+4) onR.

Thus on all vertical strips based on open intervals (4, u) of [z,, z;] devoid of

Figure II1
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points of F, | f| < max(M,| f(z)| + 4) and all vertical lines through the points
of F, | f] = |f(z)] + 4. Consequently, in the vertical strip based on [z, z;],
[ f| = max(M,| f(z)| + 4), i.e. fis bounded at z,, a contradiction. This proves
(2.17) and so z is an isolated point of F. By shrinking S some more if necessary,
we can assume that ' NS = {z}. We can again use PL at z in each quadrant
and obtain

|f1 = max(M,| f(z)| +2)

in all .S, i.e. fis bounded at z, a contradiction.
The theorem is established. O

3. Derivation of Sindalovskii’s theorem

We recall Sindalovskii’s theorem: If a function fsatisfies conditions (a), (b),
(c) and (d) of Section 1 on a domain G, then fis holomorphic in G.

In the same paper [9], Sindalovskii raised the question whether the following
stronger theorem is true: If a function f'satisfies the conditions (a), (b), (c) and
(d’) of Section 1, then fis holomorphic in G.

In the sequel, we shall answer this question affirmatively. Let us assume that
[satisfies (a), (b), (c) and (d’) over a domain G. Therefore we have

ff |fIf=C<w  forsomep>0.
G

Let z be any point of G for which there exists a d > 0 and a unit square K with
vertex at the origin such that fis holomorphic on K(J, z) = z + 6K.

Let 0 <r < 4/2 and {, be any point on any one of the two sides of K(r, z)
that do not contain z. Then the open disc D(&, r) with center at {; and radius r
is contained in K.

Because fis holomorphic in D({,, r) and | f|? is subharmonic there, we have

wifrs [ [ \fpaxdysc.
D({o,r)
Thus
C\Vvp
AL = (—-) 2
n
and
M(r,K,2)=< (g)"p r-¥e;
n

we have
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. 1 C 2
logM(r,K,z)=-log (—) ——logr=o(r7?
p n p

which is exactly the condition (d”).

Therefore fsatisfies (a), (b), (c) and (d”) on the domain G. By Theorem 2.1, it
follows that fis holomorphic in G. We may remark that (d’) need be satisfied
only locally in G and p could depend on the location.

4. Counter-example

Let f(z) = z%"™". Clearly fis holomorphic everywhere except at z = 0 where
(d”) fails. On the other hand (a), (b), (c) hold.

We shall give yet another example of a function f which satisfies (a), (b), (c)
and

(4.1) fa fz)dz =0

for every rectangle R in the plane but has an essential singularity at z = 0.

Let p(z) be any non-zero polynomial in z such that p(0)=0. Let ¢(z) =
p(z¥e”. It is easy to verify that ¢ satisfes (a), (b), (c) and has an essential
singularity at z = 0. Let

16, R) = fa RO

for any rectangle R and S ={z=x+iy; 0=x, y =1}, the unit square.
Further

4.2) I(,R)=0 or I(¢,S) or —I(p,S) foranyR

depending on R and independent of ¢.

Clearly I(¢, R) = 0 if R is contained in the second or fourth quadrant since ¢
is continuous on their closure. Further, I(¢, R) = 0 if the closure of R does not
contain the origin.

We shall divide the general case into three different cases.

Case (i). Suppose that the origin is a vertex of R and R is contained in the
first quadrant. Then I(¢, R) = I(g, S) by the Cauchy integral theorem.

Case (i1). Suppose that the origin is a vertex of R and R is contained in the
third quadrant. By a change of variable z to — z, we obtain

I(¢,R)= ~1(¢, R")
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where R’ is in the first quadrant, positively oriented and with a vertex at the
origin. Thus

I(g, R) = —1(9, S).

Case (iii). Suppose that the origin is in the interior of R. Then we can split
up R into four rectangles R,, R,, R; and R, located in the first, second, third
and fourth quadrant, respectively. From the foregoing considerations we see
that 1(¢, R,) = I(¢, R,) = 0 because R, and R, are located in the second and
fourth quadrants, respectively. Also I(¢, R,) = I(¢, S)and I(¢, R;) = — I(9, S)
because of cases (1) and (ii). Hence

I(¢, R)=0.

Now, given any rectangle in the plane with sides parallel to the axes, we can
split it up into four rectangles each located in a different quadrant and some of
them possibly degenerate. The degenerate ones and those located in the even
quadrants will contribute zero to the integral. The rest will contribute either
zero or I(¢, S) or — I(¢, S). Now let

9i(z)=2%"",  pz)=2z%""".
We have for any two constants «, f

{ag,+ B9, R)=0 or al(p,S)+l(¢5 S)

or its negative. If I(¢,, S) =0, we let a=1 and g = 0. If I(¢,, S) =0, we let
a=0and g = 1.Ifboth I(¢,, S) and I(¢,, S) are not zero (and that is the truth),
we let a =1(,, S), f = — I{¢,, S) and

f=oap,+ o,
This f has all the desired properties.
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